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Abstract 

We consider the Brown-Ravenhall model of a relativistic atom with A'^ 
electrons and a nucleus of charge Z and prove the existence of an infinite 
number of discrete eigenvalues for N ^ Z. an intermediate result we 
prove a HVZ-type theorem for these systems. 

1 Introduction 

A fundamental fact of quantum mechanics is that any stable state (a state which 
can exist infinitely long in time) of a quantum system corresponds to an eigen- 
function of the Hamiltonian of this system. In particular, for an atom, which is 
known to be a stable system, this means that its lowest spectral point should be 
an eigenvalue. Hence the existence of an eigenvalue at the bottom of the spectrum 
of the Hamiltonian can be considered as one of the criteria of correctness of a 
mathematical model of an atom. 

For multiparticle Schrodinger operators on the mathematically rigorous level 
the existence of discrete eigenvalues at the bottom of the spectrum was proved by 
T. Kato (for an atom with two electrons) jTS] and G. Zhislin (in the general case) 
|27| . In the following 45 years these results were generalized in many different 
directions. The existence of ground states was proved for atoms in an external 
magnetic field (J. Avron, I. Herbst, B. Simon j5j and S. Vugalter, G. Zhislin |23|1. 
for the Herbst operator (S. Vugalter, G. Zhislin [211) • The most recent development 
is the proof of the existence of a stable ground state in the Pauli-Fierz model, 
which describes an atom interacting with a quantized radiation field (V. Bach, J. 
Frohhch, I. Sigal 131; J.-M. Barbaroux, T. Chen, S. Vugalter ^; E. Lieb, M. Loss 

my 

In the work at hand we prove the existence of an infinite number of discrete 
eigenvalues, which accumulate at the bottom of the essential spectrum for the 
Brown-Ravenhall model of an atom or a positive atomic ion. The Brown-Ravenhall 
operator is one of the models used by physicists and quantum-chemists to describe 
relativistic effects in atoms (for a discussion of physical accuracy of this model see 
dl). 
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The mathematically rigorous study of this operator started with the work by 
W. Evans, P. Perry and H. Siedentop [7], who proved that the Brown-Ravenhall 
operator of a one-particle Coulomb system with the nuclear charge Z is semi- 
bounded from below for aZ ^ + |-) , where a is the fine structure constant. 
Further results on the lower bound of the spectrum of this operator with one elec- 
tron and one or several nuclei were obtained by C. Tix 20, 21 and A. Balinsky, 
W. Evans g). 

Although the questions of semiboundedness and self-adjointness of the 
Brown-Ravenhall operator are extremely important, its successful application re- 
quires much more detailed knowledge of its spectral properties. The goal of this 
paper is to establish some of them. 

A way to prove the existence of a stable ground state of a multiparticle 
system was developed by G. Zhislin in |57] and consists of two steps. The first step 
is to prove a so-called HVZ-type theorem which establishes a criterion for the 
existence of a bound state. The second step is a construction of a trial function 
which satisfies this criterion. In the work at hand we follow the same strategy. 
First we prove a HVZ-type theorem (Theorem ^ , showing that the bottom of 
the essential spectrum of the Brown-Ravenhall operator of an atomic system with 
TV electrons is determined by the bottom of the spectrum of the operator with 
TV — 1 electrons. Then we construct a trial function with an expectation value of 
the energy less than the bottom of the essential spectrum (Theorem|2Il. Although 
we use the same strategy as in the original paper by G. Zhislin, the work at hand 
is technically very different from the works on Schrodinger operators. The main 
differences are caused by the nonlocality of the Brown-Ravenhall operator. Notice 
that the HVZ theorem was proved earlier by R. Lewis, H. Siedentop and S. Vugalter 
[T5) for the Herbst-type operator, which is also non-local. The Brown-Ravenhall 
operator in contrast to the Herbst operator has, however, not only a non-local 
kinetic energy, but also a non-local potential energy. This leads to a large number 
of additional complications. 

In Section 13 we prove several lemmata which allow us to estimate these non- 
local effects and to modify the method of in such a way that it works also 
for the Brown-Ravenhall operator. Here the most important role is played by the 
estimates on the commutator of the projector on the positive spectral subspace 
of the Dirac operator with a smoothed characteristic function of a region in the 
configuration space (Lemma^ and the decay of the integral kernel of this projector 
(Lemma 

When this work was in preparation, the authors received two preprints by D. 
JakubaBa- Amundsen ^1 , where the HVZ theorem for the Brown-Ravenhall 
operator was proved in a different way and without taking the Pauli principle into 
account. 
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2 Preliminaries 



The TV-electron Brown-Ravenhall Hamiltonian is given by 



a 



n<j 



A 



N 



(2.1) 



Here x„ S R"^ is the position vector of the n*^ electron. The Dirac operator in the 
standard representation is given by 

D = -ia-V + f3, (2.2) 

where ct := (ai, 012, 013) and (3 are the the four Dirac matrices, explicitly 



ak 
ak 



k = 1,2,3, 



ak denoting the k Pauli matrix 



ai 













a2 = ( 







CT3 



1 

-ll ' 



and 



/I 





\ 





1 











-1 







-1) 



Dn is the Dirac operator D acting on the coordinates of the n*'' electron. Z is the 
nuclear charge, a « 1/137 is the fine structure constant, and 



A 



N 



N 



A 



(n) 
+ ' 



(2.3) 



where A^'' is the projector onto the positive spectral subspace of £)„. 

The underliying Hilbert space is S)^ :— A^ A £2(18.'^, C"*), where A stands 

n— 1 

for the antisymmetric tensor product of one-electron Hilbert spaces. The operator 
Tijv is well defined as the operator corresponding to the semibounded closed form 

on A^ A iJi/2(R3,C'*) for 

n— 1 



aZ < aZc = 



(f + f)- 

We always assume in the following that condition H2.4|l is fulfilled. 



(2.4) 
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The semiboundedness of T-Ln follows from the semiboundedness of the one- 
particle operators A+ (^D — ^+ (see |7j) and the positivity of the two-particle 
interaction terms. 

We denote the spectrum of an arbitrary selfadjoint operator A by cr{A). 

[A, B] ~ AB — BA is the commutator of two operators. x) is the open ball 

in of radius i? > centered at x. B{R) := B{R,0). (•, •) and || • || stand for 

the inner product and the norm in L2{M.^'^, ). d is usually clear by context. Let 

iJjv-i ■= inf (T(7i7v-i)- Irrelevant constants are denoted by C. Iq is the indicator 

function of the set fl. The Fourier transform of / is denoted by /. 

In auxiliary calculations it is sometimes convenient to consider the operator 
N 

1)2. l|l in the space A^^ §j L2(M'^, C*), i. e. without antisymmetrization. We use this 

n— 1 

extension without changing the notation. 

The main result of this article are the following two theorems. 

Theorem 1 For any N > 1, we have 

CTc.s(Hjv) - [-BAr_l + l,00). (2.5) 

Theorem 2 Let N ^ Z. Then the operator Hn has infinitely many eigenvalues 
below the essential spectrum. 

Remark 1 Theorem^is an analogue of the HVZ theorem for multiparticle Schro- 
dinger operators (see ^ and the original papers \21\\2'/A\10l ). Analogous theorems 
were proved for the magnetic Schrodinger operator and the Herbst operator 

Remark 2 In contrast to the Schrodinger case the bottom of the essential spec- 
trum ofH-N is Ejsi-i + 1 and not En . This is related to the fact that in the Brown- 
Ravenhall model the spectrum of the free electron is [1, oo) instead of [0, oo). 

Remark 3 In the multiparticle Schrodinger case the existence of discrete eigen- 
values was proved in \I^ for N = 2, and in JWB for arbitrary N . 

The proof of Theorem is given in Sections 01 and Theorem El is proved in 
Sectional Section contains some lemmata used in the subsequent sections. 



3 Technical Lemmata 
3.1 Commutator Estimate 

The projector A+ for the free one-particle Dirac operator is given by (see |19) . 
formula 1.1.54) 

^^'2+^-2+^ 2VIpP + / ' ^'-'^ 
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where T is the Fourier transform. In the coordinate representation for 
/ e Cq (M^, C) the operator A+ acts as 

K3\B(e,x) 

(3.2) 

where the hmit on the r. h. s. is the hmit in L^^^ (see Appendix 0. For 
convenience of the reader we state properties of the functions K^, v = 1,2, in 
Appendix 1X1 

Lemma 1 Let x G C^(IR'^). Then the norm of the operator 
[X,A+] :L2(M^C4)^i^l(M^C4) 

satisfies 

II U/ A , ll, 

lL2(R^C'')-^^^l(R^C'l) 



|[^'^+]|L,m3 c4)_^Him3 ^ C'dlVxIloo + ll^^xlloo)- (3.3) 



-ffere lia^xlloo = max |9^iX(z)| 
fe,ie{i,2,3} 

In the proof of Lemma ^ we shaU apply the foUowing theorem, which we 
formulate here for convenience of the reader. 

Theorem 3 (Stein [17 , Chapter 2, sec. 3.2) Let X : K" ^ C 6e measurable 
such that 

|ii:(x)| B|x|-", x^O, (3.4) 

j |if(x-y)-if(x)|d"xs^S, 0<|y|, (3.5) 

|x|5!2|y| 

and 

j K{x)(rx = 0, for all < i?i < i?2 < oo. (3.6) 

Ri<\x\<R2 

For an arbitrary f G Lp(R"), 1 < p < oo, let 

re(/)(x)= J /(x-y)X(y)d"y, £ > 0. (3.7) 

Then 

\\Teif)\l^Ap\\f\\p (3.8) 
with Ap independent of f and e. 
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Remark 4 Inequality (|3.8II shows that the operator T = lim^T^ exists as a 
bounded operator in Lp(R") and its norm satisfies \\T\\p ^ Ap. 

Proof of Lemma ^ Let us first prove that [x,A_|_] is a bounded operator in 
L2(K3,C'*). For / e ConK^,C'*) formula (E3 implies 

([x,A+]/)(x) 

I / « • - y) _ y I) (^(^) _ x(y)) /(y)dy- 



27r2 J |x-y|3 

(3.9) 

Estimating |x(x) - x(y)| by |x - y| || Vx||oo, using tfie density of (^(^(M^,^) 
in L2(R'^, C*) and applying the Young inequality for the convolution with a kernel 



from Li(K'^), we arrive at 



L2(R3X*)^L2(R=^,C'') 

1 ,x /, ,N ^i(|x|)\ „ „ (3-10) 



^llVxIloo^ / (i^i(|x|)+3i^o(|x|)+6Mp^dxs^C|lVx| 
To complete the proof of Lemma ^ one has to show that 

||v[x, A+]/||^^(^3^j,4j < c(||Vx||oo + I|9^xIIoo)||/||l2(k3,c*)- 

The differentiation of the first summand on the r. h. s. of H3.9|l gives absolutely 
convergent integrals whose i2^norms are bounded by C'||Vx||oo||/||- The differen- 
tiation of the second integral on the r. h. s. of (|3.9|) in the component of x gives 
for / e Co1(M3,C4) (cf. Appendix ig 



lim 



27r2e^+o J V"' |x-yP |x-y|4 

V\B(e) 

4a- (x-y)(a;j - (|x - y|) 



A'i(|x-y|) OL ■ {y.-y){xj - ?;j)A'o(|x - y|) 



|x-y|5 



(x(x)-x(y))/(y)dy (3.ii) 



^ ^ V [ «-(x-y)A-i(|x-y|) ^ ^ u 

ZTT-^e-i+O J |x — y|'^ 

R3\B(£) 



The term 



i /■ a- (x-y)(xj -yj)i^o(|x-y|) 



27r2y |x-y|4 



(x(x) - x(y))/(y)dy 
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is boundedby C||Vx|loo|!/|!. 

The Taylor expansion of x gives 

X(x)-x(y) = {xk-yk)dkX{^}-'^{xk-yk){xi-yi)dlix{z^y), z^y e [x,y]. (3.12) 

Here [x, y] is the hne segment connecting x and y and summations in k and / from 
1 to 3 are assumed. Substituting (|3.12|) into (|3.11|) we arrive at 

^ 2^2 y |x-y|3 •'^^^^ 

R3\B(e) 



Aa- {^-y){xj -yj)\Ki{\x-y\) 



Att^J V ' |x-yP ; |x-y|3 

x{xk - yk){xi - yi)dlix{'Z'xy)f{y)dy. 

(3.13) 

To the first two integrals in H3.13|l we shall apply Theorem O with n = 2>. 
Hypotheses (|3.4|l and H3.6() are obviously fulfilled. To prove that condition H3.5|l is 
also fulfilled we note that l|3.5() follows from the estimate 

|Vi4:(x)| < B|x|-'' (3.14) 

(see page 34). Inequality H3.14(l follows from l)A.2(l . Due to Theorem 13 the 
L2-norms of the first two integrals in H3.13|l are bounded by C||/||i2(R3,c<')- The 
last term in l|3.13|l is a convolution with a function from Li(R'^), whose L2-norm 
due to the Young inequality can be estimated with 

C\\d'^x\\oo\\f\\L2(m?,c*)- 
This completes the proof of Lemma ^ • 

3.2 Non-local Properties of the Operator A+ 

Lemma 2 Let supp/ C C K^, \n\ < cx), x e M^, := dist(x, 9) > 0. Then 

|(A+/)(x)| ^G(d)|l]|i/2||/||^^(j,3.c4), (3.15) 

where 

Proof. The statement of Lemma |21 follows immediately from the Schwarz inequal- 
ity and formula H3.2|l , if we note that for x ^ supp / all integrals in H3.2|l converge 
absolutely. • 
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Remark 5 Notice that the functions K^{d), v = 0, 1, and consequently G{d), 
decay exponentially according to IjA.ip as d ^ oo. Our proof of the HVZ theorem 
and of the existence of the discrete spectrum follows the same lines as in the original 
paper by G. Zhislin \21\ for the Schrodinger operator. The new obstacle which was 
overcome in the present work is the non-locality of the Brown-Ravenhall operator. 
Lemma tells us that, although the operator A+ is non-local, for a compactly 
supported function f the function A_|-/ decays exponentially with the distance to 
the support of f. 



3.3 Localization Error Estimate 

Lemma 3 Any bounded function x G C^(]R'') with bounded derivatives is a mul- 
tiplicator in H'^/'^{W^ X'^) for any d,k Cz N: 

IIX^'llHi/2(Rd^C'=) C'd ■ (llxllL^(R'i) + W^XW L^(R<'))\\u\\ fji/2(^^d ck), (3-17) 

for allue H^/'^{R'^,C''). 

Proof of Lemma |3l We choose the norm in i/i/2(R'^,C'') as (see [T], Theorem 
7.48). 



|2 . II. .112 



|m(x) - u{y) 



|2 



llu|li2(Rd cfc) + // — 1^ _ yi^^i — dxdy. (3.18) 



//l/2(R<i_C'=) 

Then 

II ii2 _ II ii2 , ff \xi^)u{^) - x{yMy)\^ ^ ^ 

\\XU\\m/2(Md^C'') - IIX^'IIl2(R'',C'=) +JJ |x - y\d+l 

^ II 1,2 II ||2 , ff f \x{^)\^\'u{,^)-u{y)\^ |x(x)-x(y)n"(y)| , , , 

^\\x\\lJMl,+JJ (^^ \^-y\d+l - + - |x-y|^+l l^'^'^y 

I 1 2 

^ WxWlJuWlu^ + sup / HW^2^dx|lu||i^ 



ygRdj |x — y 
The supremum on the r. h. s. of H3.19|l can be estimated as 

/■ |x(x) -x(y)f , ^ f |x(x) - x(y)|^ , 

sup / Ix vK+i ^ '''P, / Ix 

y6R<*J |x — y| ^ yeRd J |x — y| 

B{i.y) 

+ sup / ^^^^^^dx^|5,_i|(||Vx||L+4||x||L), 

yGR"* J |X — y| ^ 

R<i\B(l,y) 



(3.19) 



(3.20) 



where |5'd-i| is the area of {d — 1) -dimensional unit sphere. Substituting H3.20|l 
into H3.19|l and using the inequaUty + 6^ ^ (a + 6)^ for a, ^ we obtain (|3.17|) . 
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Lemma 4 For any bounded function x G C"'^(K^^) with bounded derivatives the 
operator [x,^+] is bounded in H^/^{R^'^ ^C^"") and for any ?A € H^/^{R^^ ,C^" ) 
we have 

\\[Xl ^+]''/'||/i-l/2(R3N^C*") 

(3.21) 

Proof. Successively commuting x with one-particle projections n = 1, . . . , N 
(see l|2.3f) ') we obtain 

N n-1 N 

[^'<]=EnAf [x.^i"^] n (3-22) 

n—l k—1 l—n+1 

where the empty products should be replaced by identity operators. According to 
H3.1|l . the operator A+ is bounded in iJ''(R'^,C'*) for any s g R. This, together 
with (|3.22|) . and Lemmata Handle implies H3.21|l . • 

Lemma 5 There exists a constant Cn.z depending on N and Z such that for any 

n—l 

{HNtp,tp) > C'Ar,z||V'll^i/2(R3Jv.c''")- (3-23) 
Proof. For the one particle Brown-Ravenhall operator one has (see |21| ) 

A+(z?-^)A+^(l-aZ)A+. (3.24) 

Inequality IpOljl holds true for any Z Zc (cf. ijZIll)- Using (pH^ with Z ^ Zc 
we get 

/ „ aZ \ . Zr — Z , Z , , . Zr — Z , 

k^[D - — jA+ ^ ^-—Dk+ + —(1 - aZ,)A+ ^ ^^i?A+. (3.25) 

Now, since J2n<j 1 ~ T > 0, Z < Zc, and = A^?/;, using (|3.25|) we obtain 



1/2(R31V_C4«)J 

(3.26) 

which is (j^^ • 
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Lemma 6 Let {Xa\a£A be a partition of unity with the properti 



les 



Xa e C2(R3^^), Xa^O, (3.27) 



Then for any V' e A^^ A H^/^{M:' ,<C^) we have 

n—1 



< Cn,Z ^ (||VXa||L^(R3iV) + ||5^Xa||Lo„(R3"))(l + 1 1 || (R3iV) ) ^ (Hat V', V') • 

a^A 

(3.28) 



Proof. We write 



N „ N 

aZ 



/ N N . 



aeA ^11=1 ' ' n<j ' 

^(H^A^^Xa^,A^XaV'> (3.29) 



aeA 



a Z \ v-^ a 



In the second line of (|3.29|1 we used the relation 

= T.^Xa9.V{Xa9)) + E<5,V(^)5), (3.30) 

a^A aeA aeA 

which holds for any g £ H^/^{R^,C^). The last term in ifX^ is zero because of 

It remains to estimate the last two terms on the r.h. s. of l|3.29|l . Since the 
sesquilinear form of ^ (d„ — - -\ + ^ is bounded on H^^^{M^'^ , C*") 

n— 1 ^ l^n I ^ n<j \ 

(for the potential energy terms this follows from the Kato inequality), Lemmata|3 
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and 21 imply that 



N N . 

n— 1 ' ' n<'j ' "* ' 

. N N 



n— 1 f^<~3 



(3.31) 



^ C'Ar,z(||VXa||i^(R3lV) + ||9^Xa||L„o(R3«)) 

X (1 + ||VXa||Lo,(R3«))^||'(/'||^i/2(K3JV_c4")' ^^^11 OGA 

The relation follows from (|OTl) and Lemma [3 • 

4 Proof of Theorem [Tl "Easy Part" 

We shall prove that 

f7css(Hjv) 3 [-BAr_l + l,C»), (4.1) 

by construction of an appropriate Weyl sequence for "Hn at the point -Bat-i + A 
for any A ^ 1. 

Since T-Lm commutes with the projector Pa onto the antisymmetric subspace, 

N „ . 

it suffices to find a Weyl sequence € L2(R ,C*) such that for I big 

Tl — 1 

enough 

||PA*i|l>^o, <5o>0, (4.2) 

where 5q is independent of I. 
For j e N let 

*^ -P[£;jv-i,-Bjv-i+J-i)(^^V-l)^)^"\ I1'/'jIIl2(r3(jv-i)_c4("-i)) = 1- (4-3) 

Here Pj{Hn~i) is the spectral projector of Hn-i corresponding to the interval J. 
We choose a vector k e M'^ with 



v/l + |kP = A. (4.4) 

Let X e Ccj^(M^) be a function with suppx C {y £ M''' | 1 ^ |y| s$ 2}, 
I|xIIl2(R^) — 1- I^or p e M'' we define a family of operators A+(p) in by 

A/^ 1 (yp + /3 

A+p):=:rH , ■ (4.5) 

2 2/[^F+l 

Let u(k) e Ran(A+(k)) and |u(k)| = 1. Then implies 

{a-k + P)u{k) = Xu{k). (4.6) 
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For a sequence < i?j y oo, j G N we define 



i,,{y):=R^^'\{R-^yy-^u{]^), y eR\ j G N. (4.7) 



Assuming that 

Rj+i ^ 2Rj, (4.8) 

we get 

=<5jfc, j,/ceN. (4.9) 



0. 



Lemma 7 for i/ie sequence {'^l^j^J^i we have 

IIA+V-j - '0j||l2(R^c*) 

■J ' ■■ — . 

Proof. Since the Fourier transform of -0^ is 

V',(p)=i?f'x(i?,(p-k))u(k), 

one has 

IIA+v-j - V'illL2(R^c'') 



(4.10) 



(A+(p) - 1)/ 
(A+(p) - 1)/, 



-1/2 



(p)i?f'x(i?,(p-k))u(k) 



i2(R■^c'') 



(4.11) 



-1/2 



(p)i?f'x(i?,(p-k))^i(k) 



L2(R^,C*) 

^qp-k| 



Obviously 

|(A+(p)-l)-(A+(k)-l 

for C > independent of k. Hence one can estimate the first term in (|4.11|l by 
Ci?^"^^^ 11x11 L2(R3)- The second term in (|4.11|1 is bounded by ||x| 
consequently converges to zero, too. • 



Now we are ready to define the desired Weyl sequence. Let 

^'j(x,XAr) : = .^j(x) ■0i(xAr), 



(Xi, . . . ,XAr 



(4.12) 



Recall that Lpj is a vector function with 4^^ components and V'j is a vector 
function with 4 components. 

Lemma 8 The sequence \^ has the following properties: 

(i) ||A^^*^|1 ^ 1, 

J—'QO 

(ii) |(A^'vi/^-,A^'vi/,)|^o, k^j, fc,j^oo, 



(iu) (T^AT - En-1 - A)A^ * J ^ 0. 

j— too 



(4.13) 
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Proof of Lemma |51 Relations (i) and (m) follow from Lemma [7| and relation 
Let us prove (|4.13|) . We have 



+ ^3 



N-1 



aZ X ^ a 

\xn\ ^ |x„ - xjvl 

I I n— 1 ' ' 



(4.14) 



The operator T-Ln^i acts on the function ipj only. 

The first term in (|4.14|) tends to zero in norm according to (|4.3|) . 

Since A'^ commutes with Dm we have 



(4.15) 



In the second inequality of (|4.15|l we have used H4.5|l . 
To prove H4.13|l it suffices now to show that 



A 



N 



x„ - Xat 



(4.16) 



Let 



7?! e Co»(M'^), 77l(x)^ 



_ji, xe 5(1/2), 



0, xeM3\B(3/4), 



r7j (x) :=?7i(x/i?j ), j £ N. 



We estimate now the term in (I4.16|) corresponding to the interaction with 
the nucleus. 



1^ 1^'-+ ^3 



^ aZ 



I Xat 

(l-77j(xw)) 



(A+Vj)(xAr) 



(A+^j)(x^v) 



(4.17) 



For the first term in H4.17|l the Hardy inequality and the commutativity of A-| 
with V imply 



'7i(xjv) 



(A+V^,)(xjv) ^ 2||Vr/,|U^(M3)||A+V,|| +2||A+VVj||L.(i3(3fl,/4)). (4.18) 



The first term in (|4.18|l decays as Rj ^ oo, since it is bounded by 

2|1 V77i||2,^(R3)i?~^. Applying LemmaElto the second term on the r. h. s. of (|4.18|l . 
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we arrive at 



||A+V^,||L,(B(3i?,/4)) S$ (y^^j j ||A+VVj|U^(S(3fl, 



/4)) 



Mtt /3i?j\3\i/2 



/Ajr s 1/2 

G(i?,/4)(y(2i?,)3j ||V^,|U,(K3) 



(4.19) 



The last factor in H4.19|l is bounded uniformly in j. The function G and conse- 
quently the r.h. s. of H4.19|l decays exponentially as Rj — + oo. We can estimate 
the second term in (14.17(1 by 2aZ/Rj. Hence the r.h. s. of (|4.17|l tends to as 
i?j — > oo. 

Let us turn to the interaction between the A^*'' and the n*'' electrons. We 



have 



A 



N 



|x„ - xtv 



(A+Vj)(xAr) 

{|x„|^_Rj/4} 

■77j(xjv)(A+'(/>j)(xjv) 



{|x„|<fi,/4} 

^^-ii^(l-,y,(x^.))(A+^,)(x^) 



XAT 



{lx„|<fl,/4} 

(4.20) 



where 



|(Pj(xi, . . . ,XAr_i)| dxi • • -dXn-idXn+i • • • dXTV-l (4.21) 



R3(]V-2) 



if A^ > 2, and p^^. = \(pj\^ if N — 2; \\Pip^\\l2{R^) = 1- By the Hardy inequahty the 
fist term in 14.20|l can be estimated as 



XAT 



■{A+^j){xn) 



{|x„|^fl,/4} 



s^2a||VV',|l|lp^,||L.(K3\B(fl^./4)). (4.22) 



For the second term in (|4.20|l analogously to (|4.18|l and H4.19|l we have 



■ Xjv 



77j(XAr)(A+'0j)(X7v) 



47r /3i?, \3\i/2 



{|x„|<_R,/4} 

47r 



G(i?,/4)(y(2i?, 



s^2a|lV77i|U„ 

1/2, 



(4.23) 



Finally, the last term on the r. h. s. of H4.2()|l can be estimated by Aa/Rj, since on 

the domain of integration |x„ — x^rl > i?j/4. 

Combining these estimates, we arrive at (|4.13|) . Lemma |H1 is proved. • 

Our next goal is to prove that the functions can be antisymmetrized 

without violation of the condition 1(4.2(1 at least for j big enough. 
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Let 

(rfejv^'j)(xi, . . . ,xjv) (p{xi, . . . ,Xfc_i,XAr,Xfc+i, . . . (g) ^Jj{xk), 

k = l,...,N-l, Tatjv*, := j e N. 

The operator TkN permutes the fc*'* and the A^*'* electrons. The functions Pa'^j 
are given by 

-1 

(Pa*,)(xi,...,x^) = ^ VTfcA,A^'*j(xi,...,xjv), jeN. (4.25) 
For the norms of these functions we have 

JV-l 



^TiN(Pj{xi, . . . ,XAr_i)(A+Vj)(xAr)) 



k=l 



1=1 

N -I, 

> 1 ^ |(<y5j(xi, • • . ,XAr_i)(A+^j)(xAr), (A+ ) (xi (Xa , . . . ,XAr))| 



(4.26) 



N 



where the scalar products are taken in ® Li{^ ^ C"'). To estimate the inner prod- 

n— 1 

uct on the r. h. s. of H4.26|l . we write 

|(V3j(xi, . . . ,XAr_i)(A+Vi)(xAr), (A+tAj ) (xi )^j (x2 , . . . ,Xa,))| 
|((l - ^i3(fi,/2)(xi))¥'j(xi, . . . ,XAr_i)(A+Vj)(xAr), 

(A+V'j)(xi)^j(x2,...,XAr))| 

+ (V'jlxi, . • . ,XAr_i)(A+Vi)(xAr),/i3(fl^/2)(xi)(A+'0j)(xi)(pj(x2, . . . , Xat)) . 

(4.27) 

The first term on the r. h. s. of H4.27|l tends to zero since 

(1 - -^i3(fl,/2)(xi))¥'j(xi, . . . ,XjV-l) 

vanishes, because by Lemma |2 

^B(fl,/2)(xi)(A+?Aj)(xi) 



does. The second one also 



Kj — 'oc 



This completes the proof of H4.1|l . 



5 Proof of Theorem [TJ "Hard Part" 

We shall prove that 

inf crcss(Hjv) ^ Ejq^i + 1. 
Together with (|4.1|l this gives (|2.5|) . 



(5.1) 



15 



5.1 Partition of Unity 

For a function x e C°°(M3, [0, 1]) with x|b(i) = and x|r3\b(2) = 1, let 

N 

Xa-=xM, a = l...N, Xo ■■=Y[{1- Xa)- 



Let 



N 



a=0 



Obviously, there exists a constant S > such that for any x G 
6 < <p(x) < 6^^. For i? > we define a partition of unity 



Xa(x) 



Xa(^/R) 



X e M^^, a = 0, 



we have 



(5.2) 



It is clear that the partition H5.2|l satisfies all the hypotheses (|3.27ll of Lemma 
Moreover, for a ^ the functions Xa are symmetric under all permutations of the 
electrons which do not include the a*'' one. We also note that the derivatives of 
Xa decay as R tends to infinity: 



\yXa\\oo^CR-\ \\d\a\\oo^CR-^, a = 0,...,N. 



(5.3) 



5.2 Estimates Outside the Compact Region 

For e > we choose R = R{e) big enough so that the following conditions hold: 
(i) 



Cn.Z J2 (l|VXa||L„(R3«) + ||a2xa||L„(E3«))(l + || VXa || (R3«) ) ' < £, (5.4) 



where Cat z is the constant in 
(ii) 



^<e(l-aZ), 



N 



(iii) For any G A ^^/^(R^ C^) and a = 1, . . . , TV 



aZ 



+ ((i?JV-l + 1 - ^)xaV^, [A^', Xa]V^) 



(5.5) 



(5.6) 
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The possibility to fulfil (|5.6|) choosing R big enough follows from the Kato inequal- 
ity and Lemmata 13 EI and[5| 

We now estimate from below the quadratic form oH-Ln on a function ■0 from 
i/i/2(R3^c4)^ i-jjj^^ jyN ^ iyi/2(R3^c4) ^^le form domain of Hat. 

n— 1 n— 1 

By Lemma inland (15.41) 

AT 

(T^JVV', V-) ^ Y.^nNA+Xa^, A+Xa^P) - £(HArV', V')- (5.7) 
a=0 

For a = 1 , . . . , TV we have 

(5.8) 

where Hn-i acts on the coordinates of all electrons except the a*'' one. The 

inequalities Hn-i ^ -Eat-i, A^DaA^ ^ 1, and i r > for a 1, . . . , TV 

imply 



^ l^a I ^ 

^A^-l + 1 - ^) XaV, Xa^) + + 1 - ^) [A^ , Xal^A, A^ Xai^) 

+ {{En-1 + 1 - ^)xa^, [A^,Xa]V). 



(5.9) 

Since on supp Xa we have |xa| ^ i?, from the relations (|5.5|l . H5.6|l . and (|5.9|l we 
conclude 

(WwA^^XaV', A^Xa^) ^ (-Bat^i + l)(XaV',XaV') 

£ , (5.10) 

Using l|3.24|l . we arrive at 

(HatV,^) ^^(l-«^)IIV'f- (5.11) 

Due to (E7|), and (jOTIl 

A? 

(l + 3£)(Wjv^» ^ (-BiV-l + l)E(XaV',XaV') + (HArA^'xo^,A^'xoV')- (5.12) 
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5.3 Estimate Inside the Compact Region 

Our next goal is to estimate from below the quadratic form of the operator H^A^ 
on the function xqV' supported in [—2R, 2R]^^'^ . 

Lemma 9 For M > let Wm {p € M^^ | ^ M, i = 1, . . . , 3iV}, Wm ■= 
M.'^^ \ Wm ■ There exists a finite set Qm of functions in L2{M.^^) such that for any 
function f e L2(K^^) with supp/ C h2i?,2i?]3^, fJ.QM holds 

WfL^iw.,) ^ ^II/IIl.(m.-). (5.13) 

The proof of Lemma |^ is analogous to the proof of Theorem 7 in and 
will be given in the Appendix lO for convenience. 

It follows from (|3.25l) that for any Af > 
7 - 7 ^ 



Zc 

n—1 



(5.14) 



Here I^r^^ is the operator of multiplication by the characteristic function of Wm 
in momentum space. 
We choose 



and assume henceforth that / :— xo4' is orthogonal to the set Qm defined in 
Lemma El Since in momentum space the operator D acts on functions from 
A+i2(K3,C^) as muhiplication by y|kpTT, we have 

(E^"^Wm<^o^'<^o^) ^ VM^ + lWl^^ A^xoi^r- (5.16) 

n=l 

Inequalities (|5.14() and H5.16|l imply 



^ ^^^^M^l{\\I^^^Xo^\\ - ||/^^^[A^,xo]^||)' 



8{Em-i + l)||[A+,Xo]||^^(R3iv^c*«)^^^(,j3„^j,4jv^| 



^4{EN-i + l)\\Iy^yoM\' 
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In the last step we used our choice of M (see (|5.15|l '). Since A+ is a bounded 
operator in L2(K^,C^), and 

||[xo, A^]||^_^^jg3„^^4jv^_^^^^jj3„_j,4]Vj < C'(||Vxo||«5 + ||9^xo||«)) 

by Lemma Hand the relation H3.22|l . we can choose R big enough, so that 

Sl-Ew-i + l|||[A+'Xo]||^2(R3]v_c4«)^£,2(K3Jv,c4«) ^ (5.18) 
For the first term on the r. h. s. of (|5.17|) Lemma implies 

4|l^vy„,XoV'lP ^ llxo^f . (5.19) 
As a consequence of (I5.17f) — (|5.19|l . we have 

(HatA^'xo^, A^'xo^/') > {En-1 + - elixir- (5-20) 

5.4 Completion of the Proof 
By and ifCTTjl 

N 

(1 + 3e)(HwV, V') ^ + l)^(XaV', XaV-) - ellV-f = (^^iv-i + 1 - e)||V'f 

a=0 

(5.21) 

for any s > and any ip in the form domain oiTLN orthogonal to the finite set 
of functions (cardinality of this set depends on e) . This implies the discreteness of 
the spectrum oi Hn below Em~i + 1 and thus H5.1|l . 

6 Existence of Eigenvalues 

1. To prove the infiniteness of the discrete spectrum of Ti^f it suffices to construct 
for a given Q S N a Q-dimensional subspace M such that for any e we have 

{un^,^) < (EN-i + mn^. 

Using induction on N and the well-known existence of the ground state of 
Hi, we can assume that TLn-i has a ground state (f). Let ■0 G C|^(M'^,C'') be a 
function with supp -0 C B{N — \) \ B{N — |), whose 3'"'^ and 4*^* components are 
identical to zero. Let ||'0||l2(R^,C*) ~ 1- ^et 

V'„,(y) i?™:=2"i?, m = l,...g. (6.1) 

The parameter R will be chosen later. Note that K+ipm 7^ for large R due to 
H3.1|l and the choice of the components of ip. 
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We consider the quadratic form of TYat on linear combinations of the form 

Q N 

^c^^Tfcjvl^® A+Vm)- (6.2) 

m=l fc=l 

Here T^n ior k < N is the operator permuting the fc*'* and the A^*'* electrons, 
Tnn := — 1. In the tensor product (j)® l^+ipm the function <j) is assumed to depend 
on Xi, . . . ,Xjv-i, and ijjm depends on x^r. The functions (|6.2|l are antisymmetric 
in all variables. 

It suffices to show that on the functions 1)6. 2() the quadratic form of 

TLn '■= "Hn — -Ejv-i — 1 

is negative for any choice of the coefficients {cm}m=i- 

Using the permutation symmetry of (j) and Tijv, we can write 

Q N Q N 

m— 1 k—1 n—1 l — l 

Q N 

= (^JvTfcAr(0® A+Vm),rijv(<?!>® A+l/.„)) 

m— 1 k,l — l 

N 

+ 2 J2 CmC^r Y {'^NTkN{(t) ® A+Vm), TiAr(0 ® K+ljjn)) 

n<m k,l=l , , 

(6.3) 



< ^|c™N (Hat ('/'®A+V'„), 0(g) A+V-™) 

m=l 

' ^^^9~ ^^ I]|(^A^('^ A+V'm),TiAr((/) (g A+1^„))| 



+A/' ^ KT^At (0 ® A+^„), g) A+ V« 

Our strategy is to show that the first term on the r. h. s. of H6.3() is negative and 
of the order a,s R ~^ oo, whereas the other terms decay more rapidly. 

2. For the first term on the r. h. s. of Ht).3|l we have 

(7YAr(</> ® A+V„), (j) g) A+Vm) 

= {{D - l)A+VAn, A+-0„> - (-|^A+-0™, A+?/;„) 

+ XI ^ I ~ rp,/,(xi)(A+^„)(xAr),p0(x.,)(A+-!/;„)(xAr)) 
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with Pff, defined in 14.2111 . 

We start with the lower bound on the first term on the r. h. s. of H6.4II . Recall 
that ■01 has the last two components equal to zero, thus relations (|(j.ip . (j2.2f) . and 
H3.1|l imply 



1 , vW+^ 1 Rn 



^i(q),^i(q)> 



2 2i?„, 2 2v4qF+^^ (6-5) 

=V'i(q)>i(q)) < 7r^|||q|V'i(q)f ■ 



Here q is the momentum dual to y in l|6.1|l . The norm in (|6.5() is finite, since 





To estimate the interaction of an electron with the nucleus we choose 



(6.6) 



107V- 8 
Obviously, 

= -(-|^-^B(Z_R„)A+-0™, A+V-m) - (-|^(1 - /B(Zi?,„))A+?/'m, A+t/-™) 

OL ( II iiX^Q^ii ||2 

< IIA+f/'mll - ||(1 - ) + "^11(1 ~ ■^S(Zfl™))A+V'm|| 

||A+V^,„|P + ^ ^||(1 - /s(Zi?„))A+V'm|| . 

(6.7) 



< - 



Lemma |21 implies 

II (1 - ^B(Zfl„))A+V'7i 



OC 

(n - i) 1 (r - (TV - i) i?„,) r^dr, 



which is a function decaying faster than any power of 

Now we turn to estimating the electron-electron interaction. We split the 
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corresponding quadratic form into three integrals: 

- p0 (Xj ) ( A+ -0„i ) (xat ) , P0 (xi ) ( A+ ) (xat )) 



|Xi - xjvl 



(x)r 



x|^fl„/5 |x|<ii„/5 |x|<fl„/5 

ly|<(JV-3/5)i?„ |yl>(Af-3/5)i?„ 



|x-y| 



(A+Vm)(y)|^rfxdy (6.8) 



= : h+h+h- 

From the Kato inequality (see inequality V.5.33; see also [5]) 

y"|x|-i|u(x)|'dx< |k||M(k)|'dk, VuGH1/2(R3) (6.9) 



it follows that 



na 



h ^ ^ll^'pllL2(RnB(i?.™/5))lllql V'i(q)|L^(R3)- (6.10) 

Using Lemma 121 we arrive at 

|x|<%i |y|<(JV-|)K„ 

(6.11) 

Here 

dy^ / — dy«;2^(iV-- 



|x-y| - ^ J |yr ^ V 5 

|y|<(Af~3/5)fl„ |y|<(A'-3/5)i?,„ 

Obviously, the r. h. s.'s of (|6.10|l and H6.11|l decay faster than -R~^. Finally, for I3 
we have 

^3 ^ IIA+V^mf. (6.12) 

Combining (|6.4|l — H6.12|l . for large R we get 

(7iAr((/> (g) A+V^m), A+V"™) 

/ N~l \ , 1 1 (6.13) 

< _ 4) - 1 + (5j H A+^„||^i?-i + o(j?-i). 

The coefficient at i?^^ is negative due to (|6.6() . 
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3. Let us prove now that the second term on the r. h. s. of H6.3|l decays faster 
than 



= ( ({nN-1 - En-i) + {Dn - 1) - 



aZ 



N-l 



X,- - Xat 



X (/)(xi, . . . ,XAr_i)(A+-!/;„)(xAr), (A+'(/'„)(xi)0(x2, . . . ,XAr)) (6.14) 

JV-1 



aZ 



E 



X,- - Xat 



X (/)(X1, . . . ,XAr_i)(A+-0„)(x7v), (A+l/'„)(Xl)0(x2, . . . ,XAr)), 



where Hn-i acts on the first iV — 1 electrons. 
We introduce a cut-off function 



One has 

aZ 



1, |xKl/4, 
0, |x|^l/2, 



AT-l 

i=i ' 



X,- - Xat 



X (/)(xi, . . . ,XAr_i)(A+Vm)(x7v), (A+l/'n)(xi)0(x2, . . . ,XAr)) 



(0(xi,...,XAr_i)(pAr-l)-^ + ^ 



Af-1 



xjvl t:^|Xj-xjv| 



X (A+'(/'m)(xAr),Xn(xi)(A+'(/'„)(xi)(?!)(x2, . . . ,XAr)) 

/ aZ a 

((1 - x„(xi))0(xi, . . .,^N-i) (-Dat - 1) - ^ + ^ I 1 

V |xw| ^Ixj-xat 

X (A+-0„)(x7v), (A+V«)(xi)(/'(X2, . . . ,XAr)) 

^ (\\{D - l)A+^„||^^(jj3 j,,^ + 2a(Z + N- l)||V^„.|U,(R3,c4)) 

X (^IIXnA+V'„HL2(R3,Ci) + (l - Xn(xi))0(xi, . . . ,XAr_i) 



(6.15) 



(6.16) 

where for the electrostatic terms we have used the Hardy inequality, the fact that 
A+ commutes with the gradient and the equality \\-^^+\\l2(s.^,C*)~*L2(s.^.C'^) = 1- 
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Since only the first two components of ipm are nonzero, we calculate 
|p-l)A+^™f 

= ((a . p + /? - l)(a . p + /3 - i) VIPp + l + «^ P+^^^(p)^ ^^(p)^ 

2vlPr + 1 



^™ At. N 7/ NX / 1 II, ,7. Mi2 



(6.17) 



)VXq),^(q)) <^|||q|^(q)| 



Thus the first factor on the r.h. s. of H6.16|l decays as HV-iAmll, which is of order 
R~^. The first term in the second factor of Ht).16|l is an exponentially decaying 
function of R due to Lemma |21 and the support properties of ipn and Xn ■ The 
second one also goes to zero as i? ^ oo. We conclude that the second term on the 
r. h. s. of decays faster than R^^. 



(6.18) 



4. We proceed to the estimate of the last term on the r.h. s. of (|6.3|l . The key 
tool here is Lemma |2| We use the relation 

{Hn (0 «) A+ V^m ) , «) A+ Vn) 

= {{D - 1)A+Vm, A+Vn) - (^A+V-nx, A+V'„) 

+ ^ I ~ r P0 (Xj ) ( A+V-m ) (XAT ) , P0 (x, ) ( A+ V'™ ) (XAf )) . 

KN ' ' 

For the kinetic energy term we have 

|((i?A+ - A+)^™,A+^„)| = |(A+V7™,(i?-l)V'„)| 

^ l|A+'i/'m||L2(supp^„)||(^ - 1)V'«||- 

Notice that the norm ||(_D — l)V'n|| is bounded uniformly in n and R. 
Since 

suppV^fc C B{ 2^R(N-^] \\B{ 2''r(n-1)], k = l,...,Q, 



(6.19) 



Lemma 121 implies the exponential decay of ||A+i/'m||L,(supp Vn); ^^'^ hence of the 
r.h.s. of in R. 

Let Bmn be the ball with the radius ^{Rm + Rm) centered at the origin. For 
the interaction with the nucleus one has 
aZ 

-A+V„, A+Vn) 



|XAr| 

f f f \ 1 (6-20) 

aZl J + J )|^(A+i/;„)*(xw)(A+Vm)(xAr)dx7v. 

B,„„ R3\S™„ 
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Without loss of generality assume n > m. By Lemma |21 

\\A+^n\\L,iB^^)^Ce-''' 

for some C > and S > independent of m and n. 
By the Hardy inequality 



1 



S$2||VA+VmKC'i|i?„ 



Together with (|6.21() this implies 
1 



( A+-0„ ) * (xat ) ( A+ V„ ) (xjv ) dx^v 



Ce 



(6.21) 



(6.22) 



(6.23) 



Similarly, in \ Bmn the estimates (j6.21|l . H6.22|l . and H6.23|) hold if we replace 
everywhere m ^ n and Bmn by \ Bmn- 
It follows that 



— ^+^l}m,l^+■^Pn 
X 



^ Ce 



-SR 



(6.24) 



The last term in (|6.18|l . which describes the electron-electron interaction, can 
be estimated analogously to (|On|l — Together with and this 

implies ^ 

|(7^Ar(0® A+Vm),</'«) A+V^«>| s$ Ce'^^', 

which completes the proof of Theorem [3 

A Some Properties of the Bessel Functions K^j 

The modified Bessel (McDonald) functions are related to the Hankel functions by 
the formula 

i^,(z) = |e-(''+l)/2i/W(^z). 

These functions are positive and decaying for z e (0, cx)). Their asymptotics are 
(see m 8.446, 8.447.3, 8.451.6) 



l + O 



-oo; 



(A.l) 



Xo(^) = -log2(l + o(l)), Xi(z) - -(1 + 0(1)), 
The derivatives of these functions are (see |H1 8.486.12, 8.486.18) 



K'^{z) = ~Ki{z), K[{z)^-Koiz)--Kiiz), ze(0,oo). (A.2) 
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B Coordinate Representation for the Operator 

A+ 

Lemma 10 Let f G L2{M.^,C'^) n Cq(R'^,C^) be a function in the coordinate rep- 
resentation. Then for A+J formula (|3.2|) holds. 

Proof. We start with the operator 2 A4. — 1 , which is due to H3.1|l the multiphcation 
by the matrix function ^ P + ^^i^ momentum space. It can be factorized as 

vIpP + 1 

A ■ B with 

A (a . p + /3)(|pp + 1), B := (jp^ + 

In coordinate representation B : L2(IR'^,C'*) iJ'^(R'^,C^) is a bounded integral 
operator. Its kernel is given by the convergent integral 

B{x,y) = 77T-TT / — -Tj^dp 



(IpP + 1)''' 

1 f psin (p|x - y|) , _ 1 



1 f psin(p|x-y|) ^ rr fi l^ 

2^7 |x-y|(p^ + l)3/2 ^^=2^^°('"-y')- 



In configuration space A is the differential operator (— ia- V+/3)(— A + 1) mapping 
7J3(R3, C*) onto L2(M3, C*). Thus with the help of for any / € L2(R^ C"*) n 

Coi(K3,C'*) we get 

((2A+-l)/)(x) = Ha.V + /3)(-A + l)^ J ifo(|x - y|)/(y)dy 

= (-*a . V + /?) — y ^^/(x - y)rfy. 

The term with /3 defines a function from L2(R^,C^), because H-^Xid-l) G Li(M3). 
We rewrite the gradient term on the r. h. s. of HB.1|I as 

. „ 1 f Ki{\y\) 

^ / f Mi^i(|y|) ^^-'^ 



27r 



3\S(£) B(e) 
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The second integral on the r. h. s. of ljB.2p can be estimated as 



2^ 



Ki{\y\) 



a-Vy(/(x-y))dy 



B(e) 



^^l|V/|| 



^i(|y|) 



dy, (B.3) 



B(e) 



where the r. h. s. of (|B.3p tends to zero as £ — > 0. For the first integral on the r. h. s. 
of (|B.2p the integration by parts gives 



2^ 



a-Vy(/(x-y))dy 



^\B(e) 



3\B(e) 



9B{e) 



(B.4) 



We can rewrite the second integral on the r. h. s. of (|B.4|) as the sum of two 
integrals, using the Taylor expansion /(x — y) = /(x) — V/(z) • y with z lying on 
the segment connecting x and y. The integral containing /(x) vanishes, because 
the function y|y|^^ is odd. The integral with V/(z)y is different from zero only 
for X in the compact region 



Q := {x|x e R^, dist{x, supp/} e}. 



For X e we have 



dB{e) 



3i^i( 



|V/|loo4^£' 



(B.5) 



Hence the last term on the r. h. s. of ljB.4p converges to zero in the L2-iiorm. 
Together with (|B.ip — HB.4|) and (|A.2p this proves Lemma [TUl • 



C Proof of Lemma [HI 

Let / e L2(K^^), supp / C [-2i?,2i?]3^. Then 



3N 



where 



x(^[-2R,2R], 
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Ck are the Fourier coefRcients of f\[-2R,2R]^'^ ■ 
For the Fourier transform of / we have 



3N 



/(p)= E ^^U^kM), (c.i) 



where 

4\/^fce*t('=-i) sin f 4^ - 2pi?) 

L :^ + 1. (C.3) 

Assume that / is orthogonal to the hnear span of L^^ functions 

<^n^'^-'(^*)' he[o,L-i]nz, i = l,...3N\. 

'-1=1 J 
Then the summation in IjC.ll) can be restricted to 

3N j-l 

k e Utj' fli^ ^ ^+"^1^' < i} n {k e Z^^|fc, ^ L}. 

j=i 1=1 

Obviously 11/11^ ,jj3jv) = J2 |ckP- On the other hand, 

3N 

ke u 7j 



3Ar 37V 

L2i{\PjKM}) 



\f\\L2{WM) «S Xl| Xl'^kH^fe^fe 
j = l ke7j i=l 



3iV ^ SAT . s 1/2 



3JV ^ L oo oo y V i 

> / fk,{p)fkr{p)dp] ■ 

= 1 ^ki = lki = lkj,k'-=L ^ 

Since 

fc„fc;^X>i^, (C.4) 
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we estimate 

M M 
-M -M 



r,, ,/ r... 2 2 128i?M 

06.i?.,fc^2M.-^.-^ = -3^. 



Applying the Schwarz inequality, we arrive at 



'Yj (c(fci,...,fe,-,...,fc3iv)>C(fei,...,fe^,...,fe3N)) / Vkj{p)Vk'^{p)dp 

U' — T _ 



kj,k'^—L 



^ 128RM ^ , ,2 , - 

k'- — L kj=L 



128RM ^ 2 

^ ^^"^ ^ |C(fcl,...,/c^,...,fe3]v)l • 



Therefore 



, ^/ 128i?M ,2V^^ 



384fliVM . _1 ^ 

7r^(L- ~ 2"-' 
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